Colloids immersed in a critical or near-critical binary liquid mixture and close to a chemically patterned substrate are subject to normal and lateral critical Casimir forces of dominating strength. For a single colloid we calculate these attractive or repulsive forces and the corresponding critical Casimir potentials within mean-field theory. Within this approach we also discuss the quality of the Derjaguin approximation and apply it to Monte Carlo simulation data available for the system under study. We find that the range of validity of the Derjaguin approximation is rather large and that it fails only for surface structures which are very small compared to the geometric mean of the size of the colloid and its distance from the substrate. For certain chemical structures of the substrate the critical Casimir force acting on the colloid can change sign as a function of the distance between the particle and the substrate; this provides a mechanism for stable levitation at a certain distance which can be strongly tuned by temperature, i.e., with a sensitivity of more than 200nm/K.
I. INTRODUCTION
Since the discovery of the Casimir effect in quantum electrodynamics 1,2 it is well-known that the inherent fluctuations of a medium lead to an effective force acting on its confining boundaries. In soft matter physics, the analogue of the vacuum fluctuations in quantum electrodynamics are the thermal fluctuations of the order parameter φ of a fluid. These occur on the length scale of the bulk correlation length ξ which is generically of molecular size. However, upon approaching a critical point at the temperature T = T c , the correlation length ξ increases with an algebraic singularity and attains macroscopic values. The confinement of these long-ranged fluctuations results in the so-called critical Casimir force acting on a length scale set by ξ 3 . Since the correlation length diverges as ξ (T → T c ) ∝ |T − T c | −ν , where ν is a standard bulk critical exponent, the range of the critical Casimir force (and therefore its strength at a certain distance) can be controlled and tuned by minute temperature changes (see, e.g., Refs. 4 and 5). The characteristic energy scale of the critical Casimir effect is given by k B T c , which allows for a direct measurement of the critical Casimir forces, in particular if the critical point is located at ambient thermodynamic conditions 6, 7 .
The attractive or repulsive character of the critical Casimir force can be controlled by suitable treatments of the confining surfaces. Generically, the surfaces which confine a binary liquid mixture preferentially adsorb one of its two components (or the gas or liquid phase in the case of a one-component fluid). This can be described by effective, symmetry breaking surface fields, which lead to a preference for either positive [(+)] or negative [(−)] values of the scalar order parameter φ , corresponding to the difference between the local concentrations of the two species (or the deviation of the density of the one-component fluid from its critical value). The critical Casimir force strongly depends on the effective boundary a) Present address: Department of Chemistry, Imperial College London, South Kensington Campus, SW7 2AZ London, U.K.
conditions (BC) at the walls (see, e.g., Refs. 8-15 and references therein). It is attractive for equal symmetry breaking (±, ±) BC and repulsive for opposing (±, ∓) BC. Inter alia, this latter feature qualifies critical Casimir forces to be a tool to overcome the problem of "stiction" which occurs in microand nano-mechanical devices. (The quantum electrodynamic Casimir force is typically attractive and thus responsible for stiction; turning it to be repulsive requires a careful choice of the fluid and of the bulk materials of the confinement 16 .) The theoretical description of the critical Casimir forces is particularly challenging due to the non-Gaussian character of the order parameter fluctuations, which contrasts with the intrinsically Gaussian nature of the low energy fluctuations of the electromagnetic field; in addition, the critical Casimir effect is also particularly rich as it allows, inter alia, symmetry breaking boundary conditions, which do not occur for electromagnetic fields.
The critical Casimir effect exhibits universality, i.e., the critical Casimir force expressed in terms of suitable scaling variables depends only on the universality class of the bulk critical point and on the type of boundary conditions, whereas it is independent of the microscopic structure and of the material properties of the specific fluid medium involved. In our present theoretical analysis we focus on the Ising universality class which encompasses the experimentally relevant classical binary liquid mixtures and simple fluids.
The existence of the critical Casimir effect has been experimentally confirmed and its strength has been first measured indirectly for wetting films [17] [18] [19] [20] . The first direct measurement of this effect has been performed at the sub-micrometer scale for a spherical colloid immersed in a (near) critical binary liquid mixture close to a laterally homogeneous and planar substrate 6, 7 . The corresponding Monte Carlo simulation data for the film geometry are in very good quantitative agreement with all available experimental data 6, 7, [21] [22] [23] [24] . Theoretical studies of the critical Casimir effect acting on colloidal particles involve spherically [25] [26] [27] [28] [29] or ellipsoidally 30 shaped colloids adjacent to homogeneous substrates.
Besides their wide use as model systems in soft matter (Note that for a four-dimensional system, which we also consider, this is a three-dimensional cut of the system, which is invariant along the fourth direction; the sphere thus corresponds to a hypercylinder in four dimensions.) For later reference, the box on the left side summarizes the definitions of the various scaling variables which the scaling functions of the critical Casimir force depend on for the listed geometrical configurations. On the right, (a), (a ≷ ), (a ℓ ), (a 1 ), and (a 2 ) indicate the boundary conditions corresponding to the various chemical patterns.
physics, colloids have applications at the micro-and nanometer scale. In this context, they are widely used in micro-and nano-mechanical devices. Therefore, one may utilize the critical Casimir forces acting on colloids because their strength and their direction can be tuned in a controlled way. Suitably designed chemically or geometrically structured substrates generate lateral critical Casimir forces acting on colloidal particles [31] [32] [33] [34] . Current techniques allow one to endow solid surfaces with precise structures on the nano-and micrometerscale. Hence, the critical Casimir effect can be used to create laterally confining potentials for a single colloid, which can be tuned by temperature 32 . Recently, the critical Casimir potential of a colloid close to a substrate with a pattern of parallel chemical stripes with laterally alternating adsorption preference has been measured 32 . In our corresponding theoretical study 31 , we have calculated the normal and lateral critical Casimir forces acting on a colloid close to such a patterned substrate as well as the corresponding potentials. We have used our theoretical predictions for the universal scaling functions of the critical Casimir potential in order to interpret the available experimental data in Ref. 32 . It has turned out that an agreement between theory and experiment can be achieved only if one takes into account the geometrical details of the chemical substrate pattern. This demonstrates that the critical Casimir effect is very sensitive to the details of the imprinted structures and that it can resolve them.
Here we generalize our previous analysis 31 to various substrate patterns. In particular we study the critical Casimir effect for a three-dimensional sphere close to a homogeneous substrate [ Fig. 1 ]. For completeness, we also consider a cylinder which is aligned with the chemical pattern [Sec. VII] . We provide quantitative predictions for the scaling functions of the critical Casimir forces, pursuing a two-pronged approach: (i) We calculate the force using the full three-dimensional numerical analysis of the appropriate mean-field theory (MFT). (ii) We use the so-called Derjaguin approximation (DA) based on the scaling functions for the critical Casimir force in the film geometry either obtained analytically within MFT 35 or obtained from Monte Carlo simulations 22, 23 , which allows us to predict the critical Casimir force in the physically relevant threedimensional case. Inter alia, we determine the range of validity of the DA within MFT, which provides guidance concerning its applicability in three spatial dimensions d = 3. This is an important information because presently available Monte Carlo simulations are far from being able to capture complex geometries 22, 23 .
Currently, the possibility of realizing stable levitation of particles by means of the electrodynamic Casimir forces has been the subject of intense theoretical investigation [36] [37] [38] [39] [40] [41] . Our results presented in Secs. VI and VII show that for suitable choices of the geometry of the chemical pattern of the substrate, the critical Casimir forces can be used to levitate a colloid above the substrate at a height which can be tuned by temperature. This levitation is stable against perturbations because it corresponds to a minimum of the potential of the critical Casimir force acting on the colloid.
In Sec. II we briefly introduce the necessary terminology related to finite-size scaling and we discuss briefly the corresponding MFT. Section III is devoted to the well-studied case of a colloid close to a homogeneous substrate. (In d = 4, as appropriate for MFT, the three-dimensional colloid is extended to the fourth dimension as a hypercylinder, for which we also present the results of our analysis.) As mentioned above, the various patterns and setups are considered in Secs. IV-VII. We conclude and summarize our findings in Sec. VIII. Certain important technical details concerning the calculation of the Derjaguin approximation are presented in the Appendices A-D.
II. THEORETICAL BACKGROUND

A. Finite-size scaling
According to the theory of finite-size scaling, the normal and lateral critical Casimir forces and the corresponding potentials can be described by universal scaling functions, which are independent of the molecular details of the system but depend only on the gross features of the system, i.e., on the bulk universality class (see, e.g., Refs. 8 and 9 and references therein) of the associated critical point. Here, we focus on the Ising universality class (which is characterized by a scalar order parameter φ ) in spatial dimensions d = 3 and d = 4. In addition, the critical Casimir force depends on the type of effective boundary conditions at the walls, which we denote by (a) and (b), and by the geometry of the confining surfaces [42] [43] [44] . Note that (a) and (b) can represent the various symmetry preserving fixed-point BC (the so-called ordinary, special, periodic, or antiperiodic boundary conditions 8, 9 ) in addition to the symmetry breaking cases (±) we are mainly interested in, and which describe the adsorption of fluids at the confining walls.
Inspired by the experiments described in Ref. 32 we consider binary liquid mixtures with their consolute critical point approached by varying the temperature T towards T c at fixed pressure and critical composition. We first study the film geometry in which the fluid undergoing the continuous phase transition is confined between two parallel, infinitely extended walls at distance L. According to renormalization group theory the normal critical Casimir force f (a,b) per unit area which is acting on the walls scales as 10
where (a, b) denotes the pair of boundary conditions (a) and (b) characterizing the two walls. The scaling function k (a,b) depends only on a single scaling variable given by the sign of the reduced temperature distance t from the critical point (± for t ≷ 0) and the film thickness L in units of the bulk correlation length ξ ± (t → 0 ± ) = ξ
) Positive values of t, t > 0, correspond to the disordered (homogeneous) phase of the fluid, whereas negative values of t, t < 0, correspond to the ordered (inhomogeneous) phase, where phase separation occurs. Typically, the homogeneous phase is found at high temperatures, and one has t = (T − T c )/T c . However, many experimentally relevant binary liquid mixtures exhibit a lower critical point, for which the homogeneous phase corresponds to the lowtemperature phase and one has t = −(T − T c )/T c 6,7 . The two non-universal amplitudes ξ ± 0 of the correlation length are of molecular size and characterized by the universal ratio ξ 45, 46 and ξ 47 ; ξ ± is determined by the exponential spatial decay of the two-point correlation function of the order parameter φ in the bulk.
At the critical point T = T c , the correlation length diverges, ξ ± → ∞, and the scaling function of the critical Casimir force acting on the two planar walls attains a universal constant value referred to as the critical Casimir amplitude 8, 9 :
Away from criticality, the critical Casimir force decays exponentially as a function of L/ξ ± . For the specific case of symmetry breaking BC a, b ∈ {+, −} and for t > 0 one expects for L/ξ + ≫ 1 a pure exponential decay of f (+,±) (see, e.g., Refs. 11, 35, and 48 and footnote 3 in Ref. 31 , i.e., a decay without an algebraic prefactor to the exponential and without a numerical prefactor to L/ξ + in the argument of the exponential) corresponding to
where A ± are universal constants 7 . Note that, in the absence of symmetry-breaking fields inside the film, the scaling functions for (+, +) BC are the same as for (−, −) BC.
B. Mean-field theory
The standard Landau-Ginzburg-Wilson fixed-point effective Hamiltonian describing critical phenomena of the Ising universality class is given by 42, 43 H
where φ (r) is the order parameter describing the fluid, which completely fills the volume V in d-dimensional space. The first term in the integral in Eq. (4) penalizes local fluctuations of the order parameter. The parameter τ in Eq. (4) is proportional to t, and the coupling constant u is positive and provides stability of the Hamiltonian for t < 0. The mean-field order parameter profile m := u 1/2 φ minimizes the Hamiltonian, i.e., δH [φ ]/δφ | φ =u −1/2 m = 0. In the bulk the mean-field order parameter is spatially constant and attains the values φ = ±a|t| β for t < 0 and φ = 0 for t > 0, where, besides ξ + 0 , a is the only additional independent non-universal amplitude appearing in the description of bulk critical phenomena 42, 43 , and
In a finite-size system the bulk Hamiltonian H [φ ] is supplemented by appropriate surface and curvature (edge) contributions 42, 43 . In the strong adsorption limit 49, 50 , these contributions generate boundary conditions for the order parameter such that φ surface = ±∞. For binary liquid mixtures these fixed-point (±) BC are the experimentally relevant ones. (Note that a weak adsorption preference might lead to a crossover between various kinds of effective boundary conditions for the order parameter φ 7,14,15 .)
We have minimized numerically H [φ ] using a 3d finite element method in order to obtain the (spatially inhomogeneous) profile m(r) for the geometries under consideration [see Fig. 1 ]. The normal and the lateral critical Casimir forces are calculated directly from these mean-field order parameter profiles using the stress tensor 30, 35 . This allows one to infer the universal scaling functions of the critical Casimir forces at the upper critical dimension d = 4 up to an overall prefactor ∝ u −1 and up to logarithmic corrections. The corresponding critical Casimir potential is obtained by the appropriate integration of the normal or of the lateral critical Casimir forces.
In the case of planar walls the MFT scaling functions for the critical Casimir force can be determined analytically 35 and one finds [see Eq. (2)] for the case of symmetry breaking boundary conditions the following critical Casimir amplitudes:
, where K is the complete elliptic integral of the first kind, and ∆ (+,−) = −4∆ (+,+) [see Ref. 35 and Eq. (27) and Ref. [49] in Ref. 23] .
In d = 4 (corresponding to MFT) the three-dimensional sphere is a hypercylinder and the physical properties are invariant along the fourth dimension. Accordingly, the MFT results for the force and the potential given below are those per length along this additional direction.
III. HOMOGENEOUS SUBSTRATE
We first consider a three-dimensional sphere of radius R with (b) BC facing a chemically homogeneous substrate with (a) BC at a surface-to-surface distance D as shown in Fig. 1 
and
where ∆ = D/R and Θ = sign(t) D/ξ ± (for t ≷ 0) are the scaling variables corresponding to the distance D in units of the radius R of the colloid and of the correlation length ξ ± , respectively. The case d = 4 corresponds to the MFT solution up to logarithmic corrections, which we shall neglect here. Equations (5) and (6) 
A. Derjaguin approximation
The Derjaguin approximation (DA) is based on the idea of decomposing the surface of the spherical colloid into infinitely thin circular rings of radius ρ and area dS(ρ) = 2πρdρ which are parallel to the opposing substrate surface 6, 7, 27, 31, 51 . (Here we do not multiply 2πρdρ by the linear extension L 4 of the hypercylinder along its axis in the fourth dimension, because the critical Casimir force is eventually expressed in units of L 4 , which therefore drops out from the final expressions.) The distance L of a ring with radius ρ from the substrate is given by
Assuming additivity of the forces and neglecting edge effects, the normal critical Casimir forces dF(ρ) acting on these rings can be expressed in terms of the force acting on parallel plates [Eq. (1)]:
Finally, in order to calculate the total force F (a,b) acting on the colloid, one sums up the contributions of the rings, which yields (For d = 3, F (a,b) is the force on a sphere whereas in d = 4 it is the force on a hypercylinder per length of its axis.) One expects the DA to describe the actual behavior accurately if the colloid is very close to the substrate, i.e., for ∆ = D/R → 0. In this limit, Eq. (7) can be approximated by L(ρ) = Dα where α = 1 + ρ 2 /(2RD), so that one finds for the scaling function of the force 7, 27 
and, accordingly, for the scaling function of the potential 6,7,31
(11) At the bulk critical point, using Eq. (2), one finds the well known values
We note that the DA implies that the dependence of F (a,b) and Φ (a,b) on the size R of the sphere reduces to the proportionality ∝ R indicated explicitly in Eqs. (5) and (6) .
Before proceeding further one first has to assess the accuracy of the DA, which will carried out below within MFT (d = 4). We expect the range of validity of the DA to be similar for d = 3, so that within that range one can use the DA based on scaling functions for the film geometry obtained from Monte Carlo simulations 52 in order to calculate the critical Casimir force acting on a colloid in d = 3. 35 . Moreover, in Fig. 2 , the corresponding DA results for d = 3 are shown; they are obtained from the film scaling functions determined by MC simulations 52 and by using the corresponding ratio of the correlation lengths above and below T c 45 . In Fig. 2 (b) we report the difference ∆ϑ (Θ, ∆) := ϑ (+,−) (Θ, ∆) − ϑ (−,−) (Θ, ∆) computed for the various cases reported in Fig. 2(a) , which will be useful for describing the case of a chemically patterned substrate. The scaling functions in d = 4 are reasonably well reproduced by the DA for ∆ 0.4 and we expect this to hold for d = 3 as well. The fact that for increasing values of ∆ the magnitude of the actual scaling functions becomes larger compared with those within the DA (corresponding to ∆ → 0) is in agreement with earlier results obtained for a d-dimensional hypersphere (see, e.g., Ref. 27) .
It has been shown that the scaling functions obtained within the DA for d = 3 agree very well -within the experimental accuracy -with the ones obtained from direct measurements of the critical Casimir potential 6,7 corresponding to ∆ 0.35 (see also Ref. [48] in Ref. 23 ).
IV. CHEMICAL STEP (s)
The basic building block of a chemically patterned substrate of the type we consider here, i.e., with translational invariance in all directions but one (x), is a chemical step (s) realized by a substrate with (a ≷ ) BC for x ≷ 0 at its surface. In this section we analyze the critical Casimir force if such a substrate is approached by a colloid with (b) BC with its center located at the lateral position x = X (see Fig. 1 
where Ξ = X/ √ RD is the scaling variable corresponding to the lateral position of the colloid. It is useful to write the scaling function K s as
where the scaling functions of the laterally homogeneous substrates K (a ≷ ,b) depend on Θ and ∆ only [Eq. (5)], and the scaling function ψ (a < |a > ,b) varies from +1 at Ξ → −∞ to −1 at Ξ → +∞, such that the laterally homogeneous cases are recovered far from the step. Accordingly, the corresponding critical
where ϑ (a ≷ ,b) depend on Θ and ∆ only [Eq. (6) ], and ω (a < |a > ,b) (Ξ = ±∞, Θ, ∆) = ∓1. Note that the scaling functions ψ (a < |a > ,b) and ω (a < |a > ,b) are independent of the common
, which is left undetermined by the analytical and numerical mean-field calculation of K s and ϑ s .
A. Derjaguin approximation
If the sphere is close to the substrate, i.e., ∆ → 0, the DA can be applied, and one finds for the scaling function of the critical Casimir force [see Appendix A]
where 
This yields ω (a < |a > ,b) (Ξ = 0, Θ, ∆ → 0) = 0, as expected from the underlying assumption of additivity; within full MFT this only holds in the limit ∆ → 0. At the critical point we find [see 
where erf is the error function. Fig. 3(a) , has been used successfully in order to interpret the experimental data of Ref. 32 , for which the analysis in terms of separate, independent, and consecutive chemical steps turned out to be
MFT (∆ = (24), respectively] and thus are indeed independent of d. The DA (d = 4) provides a good approximation for the full numerical MFT data, in particular for Θ 3. K s > 0 implies that the colloid moves to the right where it enjoys an attractive potential versus a repulsive one for Ξ < 0. Within the DA K s is a symmetric function of Ξ [Eqs. (18) and (22)] whereas within full MFT this symmetry is slightly violated, in particular for small Θ.
accurate. Moreover, the critical Casimir forces turned out to be a sensitive probe of the chemical pattern and its geometric design 31 .
B. Lateral critical Casimir force
The lateral critical Casimir force is given by F s = −∂ X Φ s and can be cast in the scaling form
where K s is a universal scaling function. F s and K s vanish far from the chemical step, i.e., for |Ξ| → ∞. In Eq. (21) the prefactors in terms of R and D and their exponents are chosen such that K s is regular and non-vanishing for ∆ → 0. We note that the same holds for the normal critical Casimir forces and the corresponding potentials [see Eqs. (5), (6), (12), (14), and the considerations following below].
Within the DA K s can be calculated from Eqs. (15) and (18):
At bulk criticality Θ = 0 one finds with Eq.
For (∓, −) BC and Θ ≫ 1 Eqs. (14), (15) , and (20) lead to
for (24) is shown in Fig. 2 
(b).]
Figure 3(b) shows the comparison between the normalized lateral critical Casimir force obtained within the DA (solid lines) and the full MFT data obtained for ∆ = 1/3 (symbols). We infer that not only the shape of K s as a function of Ξ but also its amplitude is described well by the DA [Eqs. (23) and (24)] for ∆ 1/3, and in particular for Θ 3. We expect this feature to hold in d = 3, too, as well as for the normal critical Casimir force and the critical Casimir potential. The lateral critical Casimir forces for d = 3 obtained within the DA on the basis of Monte Carlo simulation data for the film geometry 52 are shown in Fig. 3(b) as dashed lines. Compared with the previous curves, these ones have similar shapes but their overall amplitudes in units of the normal critical Casimir force at Θ = 0 are significantly different for Θ = 0 and Θ = 3.2. This difference reflects the analogous one observed in the normalized difference between the corresponding critical Casimir potentials for (+, −) and (−, −) BC, reported in Fig. 2(b) .
V. SINGLE CHEMICAL LANE (ℓ)
In this section we consider the case of a colloid with (b) BC close to a substrate with a single chemical lane (ℓ) with (a ℓ ) BC and width 2L in the lateral x direction and which is invariant along the other lateral direction(s). The remaining parts of the substrate are two semi-infinite planes at |x| > L with (a) BC [see Fig. 1 ]. The lateral coordinate X of the center of mass of the sphere along the x direction is chosen to vanish in the center of the chemical lane. One expects that for "broad" lanes a description in terms of two subsequent chemical steps is appropriate [Sec. IV and Ref. 31], whereas for "narrow" lanes the effects of the two subsequent chemical steps interfere. We find that in addition to the variables characterizing the chemical step [Eq. (12) ], a further scaling variable Λ = L/ √ RD emerges naturally, which corresponds to the width of the lane. Accordingly, the normal critical Casimir force F ℓ acting on the colloid can be cast in the form
where K ℓ is the corresponding universal scaling function. The critical Casimir potential scales as
with ϑ ℓ as the universal scaling function for the potential of a sphere close to a single chemical lane. Analogously to Eqs. (13) and (15) we define ψ ℓ and ω ℓ according to
so that far from the lane
On the other hand, only for a "broad" lane the scaling functions at the center of the chemical lane approach their limiting value
corresponding to the homogeneous case with (a ℓ , b) BC.
A. Derjaguin approximation
Using the underlying assumption of additivity of the forces, within the DA (∆ → 0) we find for the scaling functions of the critical Casimir force and of the critical Casimir potential [see Appendix B] 
respectively. Thus, within the DA, from the knowledge of the scaling functions ψ (a ℓ |a,b) [Eq. (16)] and ω (a ℓ |a,b) [Eq. (18) ] for the chemical step with the appropriate BC, one can directly calculate the corresponding scaling functions for the chemical lane configuration. Accordingly, in the limit ∆ → 0 and for symmetry breaking BC, ψ ℓ and ω ℓ can be analytically calculated on the basis of Eqs. (29) and (30) by taking advantage of Eqs. (17), (19) , and (20).
B. Scaling function for the critical Casimir potential
In Fig In this case the potential is adequately described by two independent chemical steps. However, the criterion for being a sufficiently "broad" lane depends sensitively on Θ and d. Indeed, from Eqs. (30) and (19) we find that at criticality (Θ = 0) the critical Casimir potential at the center of the chemical lane (Ξ = 0) reaches the limiting value corresponding to the colloid facing a homogeneous substrate by up to 1% for Λ 3.3 in d = 4 and for Λ 10 in d = 3. We note that the curves in Fig. 4 (a) as well as these bounds are independent of the actual boundary conditions because for all kinds of BC the scaling function of the normal critical Casimir force is constant at the critical point [see Eq. (2)].
Below we shall discuss some properties which are specific for BC with a, a ℓ , b ∈ {+, −}, which exhibit the feature that the normal critical Casimir force f (∓,−) acting on two planar walls decays purely exponentially [see the text preceding Eq. We note that the DA results for Θ = 0 (i.e., at the critical point) are independent of the actual boundary conditions which, accordingly, were not specified in (a).
steps for Λ 1.5 at Θ = 3.3 (data not shown) and for Λ 1.0 at Θ = 7.7 [ Fig. 4(b) ].
In Fig. 5 we compare the MFT ω ℓ obtained within the DA (∆ → 0) at Θ = 0 [Eqs. (30) and (19) ] with the scaling function obtained from the full numerical MFT calculations for ∆ = 1/3. We find a rather good agreement even for small values of Λ (i.e., "narrow" chemical lanes). This shows that for the geometry of a colloid close to a single chemical lane, nonlinearities, which are actually present in the critical Casimir effect and potentially invalidate the assumption of additivity underlying the DA, do not affect the resulting potential for small values of ∆. We expect this property to hold beyond MFT in d = 3 as well, in particular off criticality, i.e., for Θ = 0.
VI. PERIODIC CHEMICAL PATTERNS (p)
In this section we consider a pattern of chemical stripes which are alternating periodically along the x direction. The pattern consists of stripes of width L 1 with (a 1 ) BC joined with stripes of width L 2 with (a 2 ) BC, such that the periodicity is given by P = L 1 + L 2 . Thus, the geometry of the substrate pattern is characterized by the two variables L 1 and P [see Fig. 1 ]. The coordinate system is chosen such that the lateral coordinate X of the center of the sphere is zero at the center of a (a 1 ) stripe. The normal critical Casimir force F p acting on the colloidal particle and its corresponding potential Φ p take on the following scaling forms:
and (32) where Π = P/ √ RD is the scaling variable characterizing the periodicity of the pattern and λ = L 1 /P is the scaling variable chosen to correspond to the relative width of the stripe with (a 1 ) BC. K p and ϑ p are universal scaling functions for the normal critical Casimir force and the critical Casimir potential, respectively. For λ = 1 or 0 the force and the potential correspond to the homogeneous cases with (a 1 , b) BC or (a 2 , b) BC, respectively [see Sec. III]. As before it is useful to define scaling functions ψ p and ω p which vary for λ ∈ [0, 1] within the range [−1, 1] and describe the lateral behavior of the critical Casimir effect:
A. Derjaguin approximation
Taking advantage of the assumption of additivity of the forces underlying the DA, one finds for the scaling function of the normal critical Casimir force in the limit
Thus, the knowledge of the scaling function ψ (a 1 |a 2 ,b) for a single chemical step with the appropriate BC [Sec. IV] is sufficient to calculate directly the corresponding scaling function of the critical Casimir force acting on a colloid close to a periodic pattern of chemical stripes. As expected, from Eq. (35) one recovers the values ψ p (λ = 0, Π, Ξ, Θ, ∆) = 1 and ψ p (λ = 1, Π, Ξ, Θ, ∆) = −1, i.e., the cases of a colloid with (b) BC facing a homogeneous substrate with (a 2 ) BC and (a 1 ) BC, respectively [see Appendix C].
In the limit Π → 0, i.e., for a pattern with a very fine structure compared to the size of the colloid, the sum in Eq. (35) turns into an integral [see Appendix C] and, as expected, ψ p becomes independent of Ξ, i.e., of the lateral position of the colloid:
Accordingly, in the limit Π → 0 the force acting on the colloid -within the DA -is the average of the ones corresponding to the two boundary conditions weighted by the corresponding relative stripe width [see Eqs. (36) and (33)]:
For the scaling function of the critical Casimir potential the results are completely analogous to Eqs. (35)- (37) [see Appendix C]. (17)], whereas the symbols represent the full numerical data obtained within MFT for ∆ = 1/3 for various values of Π. For patterns which are finely structured on the scale of the colloid size, i.e., Π 2, the actual results deviate from the approximate ones obtained within the DA due to the strong influence (in this context) of the inherent nonlinear effects. (17)], and the corresponding plot presented here shows that the lateral variation of the normal critical Casimir force is less pronounced in d = 3 than in d = 4. (We note that for Π → 0 we expect that also in d = 3 the DA fails to describe quantitatively the actual behavior; however, we nonetheless present the curve for Π = 0.57 in order to show that the critical Casimir force obtained within the DA practically does not change laterally for such small values of Π.) the full numerical MFT calculations deviates from the one obtained within the DA. Within both the DA and the full numerical MFT calculation, for Π → 0 the normal critical Casimir force loses its lateral dependence on Ξ. But from the full numerical calculation we find that the corresponding constant value which is attained by ψ p differs from the one obtained within DA [Eq. (36) ]. This shows that for small periodicities P √ RD nonlinearities inherent in the critical Casimir effect strongly affect the resulting scaling functions of the force and the potential, so that in this respect the assumption of additivity of the force and thus the use of the DA are not justified. Fig. 7(a) is, within the DA, complementary to the one for λ = 0.2 in Fig. 6(b) , i.e., it is obtained from the latter by a reflection with respect to ψ p = 0 followed by a shift in Ξ/Π of 0.5. Instead, the full numerical data in Fig. 7(a) and (41) which assumes additivity of the forces and turns out to be independent of the ratio S + /L. One can immediately infer from the graph that here the assumption of additivity is not justified, which is the limiting configuration of the sphere-wall geometry for Π → 0. Fig. 6(b) show a different behavior as they clearly tend to assume the value −1 corresponding to the homogeneous case with (−, −) BC. By contrast, for the case λ = 0.2 shown in Fig. 6(b) , the full numerical data do not reach as closely the value +1 corresponding to (+, −) BC, although the substrate area is covered by 80% with (+) BC. This feature is addressed in more detail in Sec. VII. Fig. 4(b) .
B. Scaling function for the normal critical Casimir force
Although one would expect the DA to be valid for large radii R, the lateral variation of the boundary conditions at the surface of the patterned substrate on a scale P √ RD -corresponding to the limit Π → 0 -renders the DA less accurate, as it clearly emerges from the numerical data presented in Figs. 6 and 7. The fact that a large colloid radius R does not guarantee the validity of the DA can be understood by noting that such a discrepancy between the full numerical calculation and the result of the DA approximation already emerges in the film geometry (formally corresponding to the limit R → ∞), i.e., for a chemically patterned wall opposite to a laterally homogeneous flat wall. This "ph" configuration has been studied in Ref. 33 within MFT for laterally alternating chemical stripes of width L 1 = S + and L 2 = S − with (+) and (−) BC, respectively, opposite to a homogeneous substrate with (+) BC a distance L apart [see Fig. 1 and the inset of Fig. 8] . Indeed, by using the assumption of additivity of the critical Casimir forces underlying the DA and neglecting edge effects, the normal critical Casimir force f ph (DA) (S + , S − , L, T ) per unit area acting on the walls is predicted to be given by
where f (+,±) refer to homogeneous parallel walls, as in Eq.
(1). At the bulk critical point the critical Casimir force is given in general by 33
(39) Using Eq. (38) together with Eqs. (1) and (2) one finds within the DA that
which renders the rhs of Eq. (40) 
In Fig. 8 we show the comparison between the actual scaling function ∆ ph (data points, obtained numerically as reported in Fig. 12 (Eq. (41) , solid line) derived by assuming additivity of the forces and neglecting edge effects. Figure 8 clearly shows that the actual behavior of the critical Casimir force in the film geometry is not properly predicted within these assumptions. This is expected to be due to the presence of nonlinear effects and of edge effects in this context. This explains why in the limit Π → 0 the DA (R ≫ D) used here does not capture the behavior of the critical Casimir force acting on a colloid close to periodically patterned substrate.
In Fig. 9 we show the behavior of scaling function K p [Eq. (c) The lateral position of the center of the colloid is fixed at the center of a stripe with (a 1 ) = (−) BC and width L 1 = λ P, which it is attracted to, in contrast to the second type of stripes with (a 2 ) = (+) BC and width L 2 = (1 − λ )P, which it is repelled from. The scaling variable corresponding to the periodicity of the substrate pattern is (a) Π = P/ √ RD = 2.7 and (b) Π = 0.57, whereas the relative area fraction of the (−) stripes changes from λ = L 1 /(L 1 + L 2 ) = 0 to λ = 1 (top to bottom: fully repulsive to fully attractive). In Fig. 9(a) ]. This fact suggests that for relatively small periodicities Π 2 non-additive and edge effects become important. On the other hand, for large values of Θ ≫ 1 the DA describes the behavior of K p rather well for all values of Π due to the exponential decay of the critical Casimir force for Θ ≫ 1 [Eq. (3) ]. Figure 9(c) shows the scaling function K p for d = 3 within the DA as obtained from Monte Carlo simulation data for the film geometry 52 
C. Critical Casimir levitation
Rather remarkably, within a certain range of values of λ , K p changes sign as a function of Θ = D/ξ + [ Fig. 9 ]. In this context it is convenient to introduce for later purposes another scaling variable Ψ = Π|Θ| 1/2 = P/ Rξ ± which is independent of D and therefore does not vanish in the DA limit D ≪ R (i.e., ∆ → 0). Due to this change of sign of K p , there exists a certain value Θ = Θ 0 (Ψ, λ , Ξ, ∆) at which the normal critical Casimir force F p acting on the colloid vanishes. This implies that in the absence of additional forces the colloid levitates at a height D 0 determined by Θ 0 and ξ + , which can be tuned by changing the temperature. Since for fixed geometrical parameters R, X, and P the scaling variables Θ, Π, Ξ, and ∆ depend on D, one has to consider the behavior of 
The laterally preferred position is always at X = X 0 = 0, corresponding to Ξ = Ξ 0 = 0, so that within the DA (∆ → 0) one has
where we have used the implicit equation (a) (b) and X = X 0 = 0 is always positive so that one cannot achieve stable levitation. On the other hand, for Θ > 0 it is always possible to find geometrical configurations for which the colloid exhibits stable levitation, as described in the following. > 0 and therefore a local maximum of the critical Casimir potential with respect to D, which occurs within the shaded regions in Fig. 10 . For a given value of λ (with λ 1 < λ < λ 0 as we shall discuss in detail further below), e.g., λ = 0.60 in Fig. 10(a) , the corresponding curve for Θ 0 shows a bifurcation at Ψ = Ψ * (λ ) such that a vertical line drawn in Fig. 10 at a certain Ψ intersects this curve in two points Θ 0,u and Θ 0,s > Θ 0,u if Ψ < Ψ * (λ ), whereas it has no intersection for Ψ > Ψ * (λ ). In the former case Θ 0,u and Θ 0,s correspond to a local maximum and to a local minimum of the critical Casimir potential at distances D 0,u = ξ + Θ 0,u and D 0,s = ξ + Θ 0,s , respectively, i.e., to an unstable and a stable levitation point for the colloid, respectively. Instead, for Ψ > Ψ * (λ ), the critical Casimir force has no zero at any finite value of D. We note that D = 0 (stiction) and thus Θ = 0 always corresponds to the global minimum of the potential because for D → 0 the critical Casimir potential is strongly attractive. The corresponding geometrical configuration into which the colloid is finally attracted by the substrate [due to (a 1 ) = (−), (b) = (−), and X = 0, see Fig.1 ] is stabilized by the steric repulsion of the wall. We note that within the DA the critical Casimir potential for X = 0 is attractive at sufficiently small distances, even if the major part of the substrate is characterized by (+) BC, i.e., even if 0 = λ ≪ 1. Indeed, in this case the potential of the colloid at X = 0 and close to a periodically patterned substrate can be approximated by the one due to a single chemical lane centered at X = 0, which has been discussed in Sec. V. For given colloid radius R and width L 1 = λ P > 0 of the attractive stripe, the scaling variable Λ = L 1 /(2 √ RD) diverges as D → 0, so that the scaling function ω ℓ (Λ, Ξ, Θ, ∆) which characterizes the potential of the lane [see Eq. (28)] attains the value −1 corresponding to the case of homogeneous, attractive (−, −) BC [see Fig. 4 ]. Within this approximation and for D ≪ ξ ± the critical Casimir force becomes attractive if ϑ p ≃ ϑ ℓ < 0 which, due to Eqs. (28), (11) , and (2), yields the condition
i.e., ω ℓ < −0.6 in d = 4 35 and ω ℓ −0.76 in d = 3 52 ; this occurs for Λ > Λ 0 = 1.1 in d = 4, and Λ > Λ 0 = 2.7 in d = 3, respectively [see also Fig. 4(a) ]. Accordingly, at distances D < λ 2 P 2 /(4RΛ 2 0 ) (together with D ≪ ξ ± ) the critical Casimir potential Φ p is negative and diverges to −∞ for D → 0. (However, for very small values of λ this would occur at distances of microscopic scale such that the scaling limit and thus the form of Φ p do no longer hold). Thus the bifurcation of Θ 0 at Ψ * (λ ) corresponds to a transition from (metastable) levitation at D = D 0,s for Ψ < Ψ * (λ ) to stiction at D = 0 for Ψ > Ψ * (λ ). For Ψ < Ψ * (λ ) the metastable levitation minimum at D 0,s is shielded from the global minimum at D = 0 by a potential barrier the height of which vanishes for Ψ ր Ψ * (λ ) [see Fig. 11 ]. Experimentally, one typically varies the value of ξ + by changing the temperature 6,7,32,53 and leaves the geometry (λ , P, and R) unchanged, which results in a change of Ψ via varying T . Thus, experimentally, the transition at Ψ * (λ ) corresponds to a de facto irreversible transition from separation to stiction of the colloid as a function of temperature.
Moreover, from 52 . In addition, from Fig. 10 one can infer that for λ 0 > λ > λ 1 ≃ 0.5 and Ψ 1, Θ 0,s effectively does no longer depend on Ψ but solely on λ . Accordingly, the distance D 0,s ∝ ξ + at which the colloid stably levitates can be tuned by temperature upon approaching criticality. However, for (20) , and (3) . Accordingly, the value Ψ 0 (λ ) at which Θ 0,s diverges is characterized by the fact that A (Ψ ≶ Ψ 0 (λ ), λ ) ≷ 0 so that the force approaches zero from above or from below depending on having Ψ < Ψ 0 (λ ) or Ψ > Ψ 0 (λ ), respectively. The condition A (Ψ 0 (λ ), λ ) = 0 yields the following implicit equation for Ψ 0 (λ ):
For λ ≪ 1 the sum on the rhs of Eq. (44) can be approximated by the term n = 0 alone and one finds Ψ 0 (λ ≪ 1) ≃ 2 3/2 λ −1 erf −1 (λ 1 ), where erf −1 is the inverse error function, which yields the relations Ψ 0 (λ ≪ 1) ≃ 1.49/λ for d = 3 and Ψ 0 (λ ≪ 1) ≃ 1.35/λ for d = 4. On the other hand, in the marginal case one expects Ψ 0 (λ = λ 1 ) = 0. However, as argued above, at the critical point (Θ = 0) the colloid does not exhibit stable levitation for any geometrical configuration; this is in accordance with There is no levitation and the critical Casimir force is attractive at all distances for any temperature.
(ii) λ 0 > λ > λ 1 with λ 1 (d = 3) ≃ 0.545 and λ 1 (d = 4) = 1/2: Sufficiently close to T c , i.e., for Ψ = P/ Rξ + < Ψ * (λ ) there is a local critical Casimir levitation minimum. Upon approaching T c its position D 0,s = Θ 0,s ξ + , with Θ 0,s (ξ + → ∞) finite, moves to macroscopic values proportional to the bulk correlation length.
(iii) λ 1 > λ : As in (ii) there is a local critical Casimir levitation minimum sufficiently close to T c , i.e., for Ψ < Ψ * (λ ). In general the onset of its appearance occurs further away from T c upon lowering λ . Upon approaching T c the position D 0,s of this minimum diverges at a distinct nonzero reduced temperature given by Ψ 0 (λ ), i.e., at
We note that, according to Figs. 6, 7, 8 and 9, we expect that for Π 2 and Θ 4 and for Π 0.5 and Θ 4, the DA does not provide a quantitatively reliable description of the actual behavior of K p and therefore of Carlo simulation data for the film geometry 52 for a variety of specifically chosen values of the parameters P, L 1 , R, and ξ . The choice of these values is motivated by the typical experimental parameters which characterize recent investigations of the critical Casimir force acting on colloids immersed in binary liquid mixtures 6, 7, 32, 53 . In particular, concerning the colloid radius we focus on the data of Ref. 53 , corresponding to R = 1.35µm, while for the pattern we have chosen a periodicity P = 1µm with λ = 0.4 (i.e., L 1 = 400nm and L 2 = 600nm) [ Fig. 11(a) ], or P = 0.4µm with λ = 0.65 (i.e., L 1 = 260nm and L 2 = 140nm) [ Fig. 11(b) ]. A chemically patterned substrate with these characteristics appears to be realizable with presently available preparation techniques 32, 54, 55 .
[We note that Φ p as shown in Fig. 11 (c) . The values of P, λ , and ξ + are chosen as to be experimentally accessible in a colloidal suspension exhibiting critical Casimir forces 6, 7, 32, 53 . The critical Casimir potential for the colloid close to a patterned substrate may exhibit -depending on the value of ξ + , and, thus, on the temperature -a local minimum corresponding to stable levitation. In (c) an electrostatic potential Φ el [Eq. (45) ] is added to Φ p , which refers to actual experimental data 53 . The shaded area indicates the ranges of the positions and the depths of the local minima of the total potential occurring if the substrate is laterally homogeneous and purely attractive, i.e., for λ = 1 ((−, −) BC) for the range 14nm < ξ + < 75nm leading to potential depths between 0.5k B T and 70k B T (indicated by the shaded arrow); for λ = 1 the preferred colloid position is dictated by the electrostatic repulsion and restricted to the range of 50nm to 75nm, whereas the colloid position D 0,s = Θ 0,s ξ + due to critical Casimir levitation can be much larger and tuned by temperature. Moreover, whereas for λ = 1 and upon approaching T c the minima monotonically become deeper, the levitation minima first deepen and move to smaller values of D followed by a decrease of the depth, by becoming more shallow, and moving to larger values of D. Reducing the range and strength of the electrostatic repulsion by adding salt to the solvent is expected to provide access to even more details of the critical Casimir levitation potential Φ p shown in (b).
D the colloid is attracted to the patterned substrate, whereas within an intermediate range of values for D it is repelled from it [see also Fig. 10] . Thus, the colloid stably levitates at a distance D 0,s corresponding to a local minimum of the potential. The depth of this minimum ranges between a few k B T [ Fig. 11(a) ] up to several k B T [ Fig. 11(b) ]. Upon increasing ξ + , D 0,s increases as well, i.e., the colloid position is shifted away from the patterned substrate with the potential minimum becoming more shallow. In Fig. 11 (a) λ = 0.4 and we find Ψ * (λ = 0.4) ≃ 4.65 and Ψ 0 (λ = 0.4) ≃ 3.71 [see Fig. 10(b) ] so that for Ψ < Ψ 0 (λ = 0.4), i.e., for ξ + 53.5nm [ Fig. 11(a) ] the colloid does not exhibit stable levitation and the critical Casimir potential has a local maximum only. The levitation minimum moves to macroscopic values of D upon approaching the temperature corresponding to ξ + ≃ 53.5nm. In Fig. 11 (b) λ = 0.65 and one has Ψ * (λ = 0.65) ≃ 2.63; here Θ 0,s remains finite for Ψ → 0 in contrast to the case λ < 0.545 [ Fig. 10(b) ]. Thus, within the DA, for the case shown in Fig. 11(b) stable levitation of the colloid is preserved for all finite values of ξ + > P 2 /[R (Ψ * (λ = 0.65)) 2 ] ≃ 17nm. In this case upon approaching T c the levitation minimum moves to macroscopic values of D proportional to the bulk correlation length ξ + .
The discussion above focuses on the position of mechanical equilibrium of the colloid, corresponding to the point at which the forces acting on the particle vanish and the associated potential Φ has a local minimum Φ min . However, due to the thermal fluctuations of the surrounding near-critical fluid at temperature T , the colloid undergoes a Brownian diffusion which allows it to explore randomly such regions in space where the potential Φ is typically larger than Φ min for at most few k B T . As a result, a position of mechanical equilibrium is stable against the effect of thermal fluctuations only if the potential depth of the minimum is larger than few k B T . In particular, if the potential barrier Φ(
, which separates the position of the local minimum at distance D = D 0,s (levitation) from the global one at D = 0 (stiction), is not sufficiently large [see, e.g., the curves corresponding to ξ + = 36nm in Fig. 11(a) or corresponding to ξ + 18nm in Fig. 11(b) ], a de facto irreversible transition from levitation to stiction may occur as a consequence of thermal fluctuations.
In Fig. 11(c) we show the resulting total potential of the forces acting on the colloid in the presence of an additional electrostatic repulsion which is experimentally practically unavoidable, in order to study its effect on critical Casimir levitation. We assume that the electrostatic repulsion is laterally homogeneous and that it can be simply added to the critical Casimir potential 7, 31, 53 [see also Sec. VIII below]. Concerning the spatial dependence of the electrostatic repulsion we consider the one of Ref. 53 , which corresponds to a colloid of radius R = 1.35µm immersed in a near-critical water-lutidine mixture and close to a substrate exhibiting critical adsorption of water or lutidine 53 :
where D 0 = 88nm and κ −1 = 11nm 53 . (Formally, Φ el in Eq. (45) is finite for D → 0, and thus Φ p + Φ el is negative for D 2nm and has a global minimum at D = 0 because Φ p → −∞ for D → 0. However, Eq. (45) is actually the asymptotic form of the electrostatic interaction which is valid for distances larger than the electrostatic screening length, i.e., D ≫ κ −1 . The corresponding total potential Φ p + Φ el is therefore not accurate for small values of D and is reported in Fig. 11(c) for D > 50nm only.) As in Fig. 11 (b) we choose P = 0.4µm, λ = 0.65, and experimentally accessible values of ξ + . Figure 11 (c) provides a realistic comparison of the critical Casimir potential with other forces as they typically occur in actual experimental systems. One can infer from the graph reported in Fig. 11 (c) that for this choice of parameters the critical Casimir levitation exhibited by the colloid is rather pronounced even in the presence of electrostatic interaction. Far from the critical point (ξ + = 10nm) the interaction of the colloid with the substrate is completely dominated by electrostatic repulsion. Upon approaching criticality (10nm ξ + 35nm) a minimum in the total potential develops and becomes deeper due to the increasing critical Casimir attraction working against the electrostatic repulsion. For this latter range of values of ξ + the local minimum of the critical Casimir potential corresponding to levitation is located at distances D 0,s 60nm at which the electrostatic repulsion still strongly contributes to the resulting total potential [see Fig. 11(c) ]. Closer to the critical point (ξ + 45nm) the levitation minimum of the critical Casimir potential occurs at distances D 0,s 100nm [see Fig. 11(b) ] at which the electrostatic force acting on the colloid is weak. Thus, here the critical Casimir effect dominates and the position of the minimum of the total potential increases with increasing values of ξ + , which allows for measurements of the critical Casimir potential for distances at which the precise form of Φ el is not important. Moreover, the depth of the minimum decreases upon approaching criticality and the minimum becomes more shallow. This behavior of the levitation minimum is distinct from the critical Casimir effect acting on a colloid close to a homogeneous substrate: a local minimum also occurs in the latter case if the critical Casimir force is purely attractive (λ = 1, (−, −) BC) and works against the electrostatic repulsion 6,7 , due to the competition of different forces with opposite sign. (We note that the critical Casimir levitation described above emerges from the critical Casimir force alone, i.e., it is a feature of a single force contribution.) However, in this homogeneous case the preferred colloid position D 0,(−,−) depends crucially on the form of the electrostatic interaction and is almost constant (50nm < D 0,(−,−) < 75nm). Moreover, the depths of these latter minima monotonically increase as a function of of ξ + and become much larger than those shown in Fig. 11 (c) (see, e.g., Fig. 2(a) and Fig. 2(c) in Ref. 6 and Fig. 3 in Ref. 53 ). In Fig. 11 (c) this is indicated by the shaded area and the shaded arrow, which corresponds to the area of the graph within which minima of the total potential in the homogeneous case λ = 1 occur for 14nm < ξ + < 75nm corresponding to potential depths of 0.5k B T up to 70k B T . On the other hand, the colloid position D 0,s due to critical Casimir levitation can be much larger, can reach values of several ξ + , and can be tuned by temperature according to D 0,s = Θ 0,s ξ + .
In conclusion, the examples presented in Fig. 11 strongly suggest that the critical Casimir levitation of a colloid close to a patterned substrate is experimentally accessible.
By patterning the substrate, one introduces an additional (lateral) length scale into the system, which, according to our results presented above, can finally lead to stable levitation. Introducing an additional length scale along the normal direction by stacking different materials on top of each other may lead to levitation due to quantum-electrodynamic Casimir forces 56 . The behavior of the stable levitation distance shows a bifurcation and irreversible transitions from separation to stiction 56 similarly to the ones described above [see Fig. 10 ]. In that context great importance has been given to the temperature dependence of the position D 0,s of stable quantum Casimir levitation 56 , which is quantified by the value of d dT D 0,s . In the critical Casimir case presented here, for an estimate of d dT D 0,s we pick as an example the stable levitation positions for ξ + = 18nm and ξ + = 60nm as reported in Fig. 11  (a different choice would lead to similar results) . The results reported in Fig. 11 correspond to the experimentally relevant water-lutidine mixture with ξ + 0 = 0.2nm and T c ≃ 307K 6, 7, 53 . Therefore, according to ξ + /ξ Fig. 10 and the curves for ξ + = 34nm and ξ + = 36nm in Fig. 11(a) ]. This shows that the critical Casimir levitation is strongly temperature dependent, even near room temperature, with the variation of stable separation d dT D 0,s being two orders of magnitude larger than the one predicted for the quantumelectrodynamic Casimir effect in Ref. 56 . In general the colloid will not only be exposed to the critical Casimir force and to an electrostatic force but also to gravity and to laser tweezers, which generate a linearly increasing potential contribution. This attractive contribution tends to reduce the potential barriers shown in Fig. 11 and can eliminate small barriers altogether. Thus these external forces can be used to switch levitation on and off (compare a similar discussion related to the quantum-electrodynamic Casimir levitation in Ref. 56).
VII. CYLINDER
Currently, there is an increasing experimental interest in elongated colloidal particles which have a typical diameter of up to several 100 nm and a much larger length (see, e.g., Refs. 30 and 57 and references therein). These types of colloids resemble cylinders rather than spheres. The description of their behavior in confined critical solvents calls for a natural extension of the studies presented in Secs. III-VI. Hence, in the present section we consider the case of a 3d cylinder with (−) BC which is adjacent and parallel aligned to a periodically chemically patterned substrate consisting of alternating (−) and (+) stripes as the ones discussed in Sec. VI. Accordingly, the axis of rotational invariance of the cylinder is perpendicular to both the x direction [ Fig. 1 ] and the direction normal to the substrate, and it is parallel to the direction of spatial translational invariance of the chemical stripes forming the pattern. As compared with the case of the sphere the analysis for the cylinder is technically simpler because the system as a whole is invariant along all directions but two, the lateral one, x, and the one normal to the substrate. (For the sphere its finite extension in the second lateral direction, which is normal to the x-axis, matters and thus leads to a basically three-dimensional problem. Accordingly, here we do not consider short cylinders, for which this finite length matters, too.) This reduction of the number of relevant dimensions allows us to perform numerical calculations of adequate precision for a range of various pattern geometries which is wider than in the case of the sphere. (Here, we do not consider a cylindrical colloid which is not perfectly aligned with the pattern and which would, therefore, experience a critical Casimir torque 30 .) Even though the expressions derived in Appendix D can be used to study the case of a cylinder having its axis laterally displaced by an arbitrary amount X from the chemical step, our numerical calculations for the case of a chemical stripe address only the case X = 0. This corresponds to a lateral position of the symmetry axis of the cylinder which coincides with the center of an attractive (−) stripe.
In Appendix D we briefly derive the scaling behavior of the normal critical Casimir force acting on the cylinder and compare it with the case of a sphere. Then, we adapt the Derjaguin approximation appropriate for the geometry of the cylinder. On this basis, we have calculated the scaling function of the normal critical Casimir force acting on the cylinder in d = 3 and d = 4 on the basis of the Monte Carlo simulation data for the film geometry 52 and of the analytic MFT expression for the critical Casimir force for the film geometry 35 , respectively. In addition, within the same approach as the one of Sec. II B we have calculated numerically the MFT scaling functions corresponding to ∆ = 0, in order to assess the performance of the DA.
Here we focus on the comparison between the DA appropriate for the cylinder and the full numerical MFT data for the scaling function K cyl p (λ , Π, Ξ = 0, Θ, ∆) which characterizes the normal critical Casimir force in the presence of a periodically patterned substrate; λ , Π, Ξ, Θ, and ∆ are defined as in the case of the sphere [see Sec. VI and Appendix D]. Figure 12 shows the scaling function of the normal critical Casimir force acting on a cylinder as a function of Θ as obtained from the DA (∆ → 0) in d = 4 and from the full numerical MFT calculations for ∆ = 1/3. Besides the quantitative differences in the scaling function as a function of Θ, the qualitative features of the behavior of the force acting on a cylinder, which is reported in Fig. 12 for various values of λ , are similar to the ones for the sphere [compare Fig. 9 ]. For Π = 1.92 [ Fig. 12(a) ] the DA describes the actual behavior of the critical Casimir force rather well, in particular for Θ 2, even for most values of λ . As in Fig. 9 , for a certain range of values of λ the normal critical Casimir force changes sign at Θ cyl 0 (Π, λ , Ξ = 0, ∆). On the other hand for small periodicities (Π = 0.29 in Fig. 12(b) ) the DA in d = 4 fails to describe quantitatively the actual behavior of the force as obtained from the full numerical MFT calculations. These strong deviations from the DA [ Fig. 12(b) ] indicate the relevance of effects caused by the actual non-additivity of critical Casimir forces.
For λ 0.6 the scaling function K cyl p of the normal critical Casimir force obtained numerically and represented by symbols in Fig. 12(b) is very close (much closer than within the DA) to the one corresponding to the homogeneous case with (−, −) BC (corresponding to λ = 1) and does not show a change of sign. This means that, even if the substrate is (a) not homogeneous but chemically patterned -but such that the larger part of the surface still corresponds to (−) BC, i.e., λ 0.5 -the resulting critical Casimir force acting on the colloid with (−) BC resembles the behavior for laterally homogeneous (−, −) BC. This can be understood in terms of the fixed point Hamiltonian in Eq. (4) which penalizes spatial variations of the order parameter at short scales. Thus the system tries to smooth out spatial inhomogeneities of the order parameter profile, biased by the preference of the colloidal particle. If the pattern is very finely structured, i.e., Π = (L 1 + L 2 )/ √ RD ≪ 1, regions with a positive order parameter close to the narrow (+) stripes (λ ≃ 1 − , i.e., L 2 ≪ L 1 ) extent only very little into the direction normal to the substrate and the resulting order parameter profile at a distance from the substrate remains negative only 58 , so that the force resembles the one corresponding to the homogeneous case. (Note that within the DA, the corresponding order parameter profile would simply consist of a patchwork of the order parameter profiles corresponding to the film geometry, with no smoothing taking place at the edges of the various spatial regions.) Similarly, but in a weaker manner due to the opposite order parameter preference at the colloid, the curves in Fig. 12(b) for λ 0.5 approach the corresponding homogeneous one for the case (+, −) (i.e., λ = 0). Thus, the fact that both in Fig. 12(a) and Fig. 12(b) the curves for λ = 1/5 are less close to their limiting ones for λ = 0 than the curves for λ = 4/5 are close to the ones for λ = 1 -although the portions of the minority part of the surface are the same -is due to the fact that an order parameter profile with (+, −) boundary conditions is energetically less preferred than the one with (−, −) boundary conditions because in the (+, −) case an interface emerges between the two phases. For broad stripes, i.e., in contrast to the case Π → 0, the energy costs for a similar behavior are seemingly larger: the full numerical MFT data for λ = 1/5 and λ = 4/5 are less close to the corresponding limiting homogeneous cases λ = 0 and λ = 1, respectively, for Π = 1.92 than for Π = 0.29. Fig. 13 , where the solid and the dashed lines correspond to stable and unstable levitation, respectively. The behavior for the normal critical Casimir force acting on the cylinder is qualitatively similar to the one for the sphere shown in Fig. 10 . Analogously to the case of a sphere discussed in Sec. VI C, no stable levitation is found at T = T c or for λ > λ 0 = ∆ (+,−) /(∆ (+,−) − ∆ (−,−) ), where λ 0 = 0.80 in d = 4 and λ 0 ≃ 0.88 in d = 3. On the other hand, for Θ > 0, and λ < λ 0 , it is always possible to find values of P and R such that stable levitation of the cylinder occurs at a certain distance from the substrate. The values of λ 1 below which one has a finite value Ψ 0 (λ ) at which Θ 0 diverges remain the same as for the case of a sphere, i.e., (a) (b) 
VIII. SUMMARY AND CONCLUSIONS
We have investigated the universal properties of the normal and lateral critical Casimir forces acting on a spherical or cylindrical colloidal particle close to a chemically structured substrate with laterally varying adsorption preferences for the species of a (near) critical classical binary liquid mixture (at its critical composition) in which the colloid is immersed. Within the Derjaguin approximation (DA) [see Fig. 14 ] in spatial dimensions d = 3 and d = 4 we have derived analytic ex-pressions for the corresponding universal scaling functions of the forces and the potentials for general fixed-point boundary conditions (BC) in terms of the scaling function of the critical Casimir force acting on two parallel, homogeneous plates. These expressions are given explicitly analytically at the bulk critical point T = T c and -for symmetry breaking boundary conditions -far away from the critical point. These relations enable one to obtain predictions for actual three-dimensional systems with a sphere-inhomogeneous plate geometry (for which currently computations are not possible) based on the scaling function for the parallel homogeneous plate geometry, for which, e.g., Monte Carlo simulation data in d = 3 are available. Moreover, results within mean-field theory (MFT, corresponding to d = 4) and symmetry-breaking boundary conditions [Sec. II B] have been obtained fully numerically and have been compared with the approximate results of the DA, which allows us to explore the limits of validity of the latter. We have studied several relevant situations [see 2. The basic building block of a chemically patterned substrate is a chemical step, which we have studied in Sec. IV. Due to the broken translational invariance in one lateral direction (x) the critical Casimir forces and potentials acquire a dependence on the additional scaling variable Ξ = X/ √ RD, which corresponds to the lateral distance X of the center of the spherical colloid from the position of the chemical step along the plane [Eqs. (12) , (14) , and (21)]. Due to the different boundary conditions on both sides of the chemical step a lateral critical Casimir force emerges, which leads to a laterally varying potential for the colloid. In the limit ∆ → 0 both the scaling function for the potential and for the lateral critical Casimir force as obtained within the DA are in agreement with the full numerical data [ Fig. 3] . We have derived the corresponding scaling functions within the DA also in d = 3 by using Monte Carlo data for the parallel plate geometry [Fig. 3 (29) and (30)]. For large values of Λ the resulting potential can be described as a suitable superposition of chemical steps, whereas for Λ 3 one has explicitly to account for the finite width of the chemical stripe [Fig. 4 ]. Comparing the results of the DA with the ones obtained by a full numerical analysis, one finds that the DA describes the actual behavior quite well for ∆ 0.4, even for small Λ. Seemingly, in this respect, the nonlinearities inherent in the critical Casimir effect and edge effects do not considerably affect the resulting scaling functions [ Fig. 12 ]. The numerical studies for Π → 0 indicate that a substrate with a very fine pattern, dominated by one of the two BC as far as the corresponding covered area is concerned, leads to a normal critical Casimir force which resembles the one for a homogeneous substrate characterized by the dominating BC [ Fig. 12(b) ]. Based on Monte Carlo data for the parallel plate geometry we calculated within the DA the critical Casimir force acting on a cylinder in d = 3 [ Fig. 12(c) ]. Above a chemically patterned substrate, also for a cylinder stable levitation is possible for a wide range of parameters [ Fig. 13 ].
Typically, in experiments with a colloidal suspension one has to consider also other forces, such as electrostatics, gravitation, and van der Waals forces which act on the colloidal particles in addition to the critical Casimir forces. The total force is approximately the sum of these contributions 59, 60 [see Fig. 11(c) ]. Upon approaching the critical point in the phase diagram, experiments 6,7,32 and theory (see, e.g., Refs. 7, 31, and 33) highlight the importance and the relevance of the critical Casimir effect in comparison with these other forces.
The lateral critical Casimir forces occurring for patterned substrates as discussed here are highly sensitive to the details of the geometry of the pattern. A detailed comparison with available experimental data 32 has to take this into account 31 . This sensitivity even allows for an independent determination of the geometry of a chemically structured substrate by means of the critical Casimir effect. This is useful in cases in which it is difficult to infer the geometry of the chemical pattern directly 31, 32 . Concerning the comparison with experiments for chemically structured substrates, the theoretical predictions for the critical Casimir force are in agreement with the presently available data 31, 32 , for which the description in terms of independent chemical steps [Sec. IV] turns out to be sufficient 31 . In order to test our specific predictions obtained for narrow single chemical lanes and for periodic chemical stripes, structures on the nanometer scale are needed. Preliminary experimental data in this direction are encouraging 54, 55 .
In view of present basic research efforts and potential applications, it is important to study the effect of weak critical adsorption of the fluid at the confining surfaces, corresponding to finite surface fields. Such weak surface fields can be realized by applying suitable surface chemistry and they influence the resulting behavior of the critical Casimir effect strongly 15, 53 . Another approach to create an effective reduction of the surface adsorption is to create fine periodic chemical patterns with different (strong) adsorption preferences as discussed here. However, our results for Π → 0 [Figs. 9(b) and 12(b)] show that a fine patterning of the substrate with alternating boundary conditions does not necessarily lead to an effective reduction of the surface adsorption at short distances because in this range the critical Casimir force for a inhomogeneous adsorption preference resembles the one for a homogeneous substrate corresponding to strong adsorption. On the other hand, at large distances a periodically patterned substrate does lead to an effective BC corresponding to a weak adsorption preference, and for λ = 1/2 the surface fields even cancel out, leading to an effective BC resembling the so-called ordinary BC 33 . This offers the interesting perspective to study, at least asymptotically, critical Casimir forces with Dirichlet BC by using classical fluids instead of superfluid quantum fluids 10, 17, 18, 61 .
A patterning on the molecular scale is not captured by the continuous approach pursued here, which gives the universal features of the critical Casimir effect. Nonetheless, a molecular patterning of the substrates may provide another means for an effective reduction of the adsorption of the corresponding fluid at the surface. However, on a molecular scale the patterning is more likely to lead to randomly distributed surface fields which opens a new challenge in the context of critical Casimir forces. ∞ D dz F s (X, z, R, T ) by integrating this result for the normal critical Casimir force. In a third step the lateral critical Casimir force is obtained as
In the spirit of the DA, the surface of the spherical colloid with (b) BC is thought of as being made of a pile of (infinitely thin) rings parallel to the opposing substrate and with an area dS(ρ) = 2πρdρ, where ρ is the radius of the ring. Each of these rings is partly facing (in normal direction) the surface with (a < ) BC, with an extension dS < (ρ), and partly facing the surface with (a > ) BC on the other side of the chemical step [ Fig. 14] , with an extension dS > (ρ), such that dS(ρ) = dS < (ρ) + dS > (ρ). For an assigned ρ, dS ≷ (ρ) depend, inter alia, on the lateral position X of the colloid. Using the assumption of additivity of the forces underlying the DA we suppose that the contribution dF s (ρ) of the ring to the total critical Casimir force F s is given by the sum of the critical Casimir forces which would act, in a film, on portions of areas dS < and dS > in the presence of (a < , b) and (a > , b) BC, respectively. According to Eq. (1) this leads to the following expression for the force acting on a single ring:
where L(ρ) is the substrate-ring distance [ Fig. 14] as given in Eq. (7), and k (a ≷ ,b) are the scaling functions of the critical Casimir force in the film geometry with (a > , b) and (a < , b) BC, respectively [see Eq.
(1)]. This assumption neglects all edge effects along the boundary between the areas dS > (ρ) and dS < (ρ), which might actually be relevant in view of the spatial variation of the order parameter profile. It is therefore important to test the validity of this assumption at least in some relevant cases. This is carried out in Sec. IV for d = 4, i.e., within MFT. Without loss of generality in the following we assume X > 0, i.e., that the normal projection of the center of the sphere falls on the part of the substrate with (a > ) BC [ Figs. 1 and  14] . The results for X < 0 are obtained by exchanging in the formulas below a < ↔ a > and X ↔ −X. Taking into account that dS(ρ) = dS < (ρ) + dS > (ρ) one can rewrite Eq. (A1) as
where ∆k(Θ) = k (a < ,b) (Θ) − k (a > ,b) (Θ). Summing up all force contributions from the rings of different radii ρ, one finds for 00 00 00 00 00 00 00 00 00 00 00 00 11  11  11  11  11  11  11  11  11  11  11 11
14. Sketch concerning the Derjaguin approximation for the critical Casimir force acting on a colloid opposite to a chemical step.
The critical Casimir force is subdivided into contributions from rings parallel to the substrate. The projection of the area dS(ρ) of a ring onto the substrate is separated into the areal contributions dS < and dS > which emerge as the intersection of the projected ring with the half-planes carrying (a < ) and (a > ) BC, respectively [see the main text]. The sphere has a surface-to-surface distance D from the substrate and its center has a lateral distance X from the chemical step.
the total normal force acting on the sphere 
(A5) In the spirit of the DA, the radius of the sphere is taken to be large compared to its distance to the substrate, i.e., ∆ = D/R ≪ 1, and the contributions from the rings closest to the substrate dominate. Therefore, it is well justified and in accordance with the DA to assume X/R ≪ 1 because the contributions of rings with large radii do not change the behavior of the force in the Derjaguin limit. Within these two limits we can use the parabolic approximation for the distance of the rings to the substrate [Eq. 
where ∆K is a universal scaling function given by 
For I d (a) the recursion relation
holds, so that I 4 and I 3 can be expressed in terms of I 2 . Per- where we have used the fact that ψ (a 1 |a 2 ,b) (Ξ = ±∞, Θ, ∆) = ∓1. Accordingly, ψ p (λ = 1, Π, Ξ, Θ, ∆ → 0) = −1, which corresponds to the homogeneous case with (a 1 , b) BC.
In the limit Π → 0 (i.e., for very fine patterns compared with √ RD), the sum in Eq. 
In the limit Π → 0, ω p reduces to ω p (λ , Π → 0, Ξ, Θ, ∆ → 0) = 1 − 2λ .
